We study the two analytical methods, the classical method of successive approximations (Picard method), Adomian decomposition method (ADM) see (Abbaoui and Cherruault, 1994; Adomian et al., 1992; Adomian, 1995) [1] [2] [3] and the (numerical method) predictor corrector method (PECE) for an initial value problem of arbitrary (fractional) orders differential equation (FDE). The existence and uniqueness of the solution will be proved and the convergence will be discussed for each method. Some examples will be studied.
Introduction
Let α ∈ [0 , 1) . In this paper, we study the existence and uniqueness of the solution of the initial value problem
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We apply the three methods Adomian, Picard and predictorcorrector to obtain numerical solution of the problem (1) and (2) . Now, the definition of the fractional-order integral and differential operators are given by the following. 
Uniqueness theorem
Now, the initial value problem (1) and (2) will be investigated under the following assumptions: Let C = C(J) be the space of all real-valued functions which are continuous on J.
Definition 2. By a solution of the problem (1) and (2) we mean a function x ∈ C[0 , T ] . This function satisfies the problem (1) and (2) .
Let x (t) be a solution of the initial value problem (1) and (2) . Integrating (1) we obtain
then we have
Now let x ∈ C(J ) be a solution of the integral Eq. (3) , then
then the problem (1) and (2) and the integral Eq. (3) are equivalent.
Comparison between analytical methods is studied in many papers, for examples [4] [5] [6] [7] .
Define the operator F as
Theorem 1. Let the assumptions (i)-(ii) be satisfied if LT
Proof. Firstly we prove that
Now we prove that F is contraction, for this we have
< 1 , then F is a contraction and F has a unique fixed point, thus there exists a unique solution x ∈ C(J ) of the initial value problem (1) and (2) .
Method of successive approximations (Picard method)
Applying Picard method to integral Eq. (3) , then the solution is constructed by the sequence
All the functions x n (t) are continuous functions and x n can be written as a sum of successive differences
This means that convergence of the sequence x n is equivalent to convergence the infinite series (x j − x j−1 ) and the solution will be
i.e, if the finite series (x j − x j−1 ) converges, then the sequence x n (t) will be converge to x (t) . To prove the uniform convergence of { x n (t) } , we shall consider the associated series
from (4)
Repeating this technique, we obtain the general estimate for the terms of the series:
is proved and so the sequence { x n (t) } is uniformly convergent.
Adomian decomposition method (ADM)
In this section, we shall study Adomian decomposition method (ADM) for the integral Eq. (3) . The solution algorithm of the integral Eq. (3) using ADM is
where A n Adomian polynomial of nonlinear term f (s, x ) , which have the form
and the solution will be 
let S p and S q be two partial sums with p > q , we are going to prove that { S p } is the Caushy sequence in the Banach space E.
from triangle inequality, we have
where 0 < h < 1 and p > q imply that (1 − h p−q ) ≤ 1 . Consequently,
but | x 1 (t) | < k and as q → ∞ , then S p − S q → 0 and hence, { S p } is a caushy sequence in this Banach space E and the series 
Error analysis

Theorem 3. The maximum absolute truncation error of the series solution ( 9 ) of the integral Eq. ( 3 ) is estimated to be
sup t∈ I x ( t ) − q i=0 x i ( t ) ≤ h q 1 − h sup t∈ I | x 1 ( t ) |
Proof. From theorem (2), we have
So, the maximum absolute truncation error in the interval I is
and this completes the proof.
Predictor-corrector method (PECE)
An Adams-type predictor-corrector method has been introduced in [8] [9] [10] [11] [12] .
In this section, we use an Adams-type predictor-corrector method for the integral Eq. (3) .
The product trapezoidal quadrature formula is used with t j ( j = 0 , 1 , . . . , k + 1) , taken with respect to the weight function (t k +1 − u ) −α . In other words, one applies the approximation
where
and h is a step size, and for 1
This yields the corrector formula, i.e. the fractional variant of the one-step Adams-Moulton method
where A i are Adomian polynomials of the nonlinear term x 2 , and the solution will be
Applying PECE to Eq. (10) , we have Table 1 shows a comparison between the absolute error of Picard (when n = 3), ADM solutions (when q = 3) and PECE solutions.
Example 2. Consider the following FDE
which has the exact solution x (t) = t 2 . Applying Picard method to Eq. (11) , we get
x n −1 ( s ) ds
. .
and the solution will be
Applying ADM to Eq. (11) , we get Table 2 shows a comparison between the absolute error of Picard (when n = 3), ADM solutions (when q = 3) and PECE solutions.
Conclusion
In this paper, we present two analytical methods and numerical method to solve fractional differential equation and the comparison between them in the above two examples. We see from these examples that picard and ADM methods give more accurate solution than PECE in small intervals but PECE gives more accurate solution in large interval.
